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ON CONJECTURAL RANK PARITIES OF QUARTIC AND SEXTIC
TWISTS OF ELLIPTIC CURVES
MATTHEW WEIDNER
Abstract. We study the behavior under twisting of the Selmer rank parities of a self-dual
prime-degree isogeny on a principally polarized abelian variety defined over a number field,
subject to compatibility relations between the twists and the isogeny. In particular, we study
isogenies on abelian varieties whose Selmer rank parities are related to the rank parities of
elliptic curves with j-invariant 0 or 1728, assuming the Shafarevich-Tate conjecture. Using
these results, we show how to classify the conjectural rank parities of all quartic or sextic
twists of an elliptic curve defined over a number field, after a finite calculation. This gen-
eralizes previous results of Hadian and Weidner on the behavior of p-Selmer ranks under
p-twists.
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1. Introduction
The study of ranks of elliptic curves is an old and difficult Diophantine problem. Assuming
the Shafarevich-Tate conjecture, it is well-known how to compute the rank of a given elliptic
curve over a number field, but many questions remain about the properties of ranks in general.
Much recent work has centered on the behavior of ranks in families of elliptic curves, especially
families of quadratic twists. For instance, Swinnerton-Dyer [14] determines the distribution
of 2-Selmer ranks (which provide an upper bound on rank) in families of elliptic curves with
full rational 2-torsion, with later results by Klagsbrun [5] and Klagsbrun, Mazur, and Rubin
[6] covering other types of rational 2-torsion. Additionally, these same authors [4] determine
the distribution of 2-Selmer rank parities among quadratic twists of any elliptic curve, and
they find that odd and even 2-Selmer ranks are evenly distributed whenever the base field
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has a real embedding. Since 2-Selmer rank parities are the same as rank parities if we assume
the Shafarevich-Tate conjecture, their work provides good evidence for Goldfeld’s conjecture
[2, Conjecture B], which says that the average rank in any family of quadratic twists over Q
is 1/2.
Another result along these lines is the following. Let K be a number field, and let E be
an elliptic curve defined over K. In [3], building off of results in [4, 8, 9, 11, 16] and other
papers, it is shown how to classify the 2-Selmer rank parities of all quadratic twists of E as a
function of the twisting parameter, after a finite calculation. Assuming the Shafarevich-Tate
conjecture, this classifies the rank parities as well. Specifically, for any d ∈ K∗, let Ed be the
quadratic twist of E by d, and let d2(Ed) denote the 2-Selmer rank of Ed. Also let Σ be a
finite set of places of K containing all infinite places, all places dividing 2, and all places of
bad reduction for E. For each place v of K, let Kv be the localization of K at v, let Ov be
the ring of integers in Kv, let πv be a (fixed) uniformizer for v, and let ordv be the v-adic
valuation. Then we have the following result.
Theorem ([3, Theorem 4.6 and Remark 4.9]). Let c, d ∈ K∗ be such that for all places v ∈ Σ,
c ≡ d (mod (K∗v )2). Equivalently:
• Define the integers mv for all finite places v ∈ Σ by
mv :=
{
2ev/2 + 1 if v|2
1 else,
where ev/2 is the ramification index of v over 2;
• Assume that for all finite places v ∈ Σ,
– ordv(c) ≡ ordv(d) (mod 2)
– c/(π
ordv(c)
v ) and d/(π
ordv(d)
v ) have the same residues in (Ov/v
mv )∗/((Ov/vmv )∗)2;
• And assume that c and d have the same signs at all real embeddings.
Then d2(Ec) ≡ d2(Ed) (mod 2).
The conditions of this theorem partition K∗ into finitely many classes, so by computing
d2(Ed) for one d in each class (it is well-known that the 2-Selmer rank is computable), we
can classify the 2-Selmer rank parity of all quadratic twists of E.
Let K¯ denote an algebraic closure of K. When E has j-invariant not equal to 1728 or 0,
the quadratic twists of E are precisely the elliptic curves defined over K which are isomorphic
to E as curves over K¯. Hence the above result classifies the conjectural rank parities of all
elliptic curves over K which are K¯-isomorphic to E.
However, when E has j-invariant 1728 or 0, it is well-known that the K¯-isomorphic curves
are the quartic or sextic twists of E, respectively, not just the quadratic twists (see [12,
Proposition X.5.4]). In this paper, we find versions of the above result for quartic twists of
y2 = x3 + x over K (Theorem 3.6 and Proposition 3.8) and sextic twists of y2 = x3 + 1 over
K (Theorem 4.4 and Proposition 4.5). By doing so, we complete the following task: Classify
the (conjectural) rank parities of all elliptic curves over K which are K¯-isomorphic to a given
curve, after performing a finite amount of computation.
Section 2 provides background on the variation of Selmer rank parities under twists of
abelian varieties, based on [3, 4, 8, 9, 11, 16]. The section culminates in Theorem 2.7,
which is the main result used in the sequel. §2.1 sets up the general situation, §2.2-2.4
explain existing results on how to write the variation in Selmer rank parity as a sum of local
invariants (Theorem 2.2), §2.5 shows how to evaluate the local invariants in certain cases,
and §2.6 specializes to the case that we will use in the sequel. Sections 3 and 4 then show
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how to classify the conjectural rank parities of quartic and sextic twists of elliptic curves,
respectively, after a finite calculation. Finally, in Section 5, we give an explicit example, in
which we determine the conjectural rank parities of all quartic twists of y2 = x3 + x and
sextic twists of y2 = x3 + 1 over Q.
2. Selmer Rank Parities for Twists of Abelian Varieties
In this section, we summarize and slightly generalize existing results on Selmer rank parities
of abelian varieties, culminating in Theorem 2.7. This is based on material from several
references including [4, 8, 9, 11, 16], and it mostly follows the quadratic twist case (see [3,
§3]).
2.1. Notation. Let K be a number field. Fix an algebraic closure K¯ of K, and let GK :=
Gal(K¯/K) be the absolute Galois group of K. For each place v of K, fix an embedding of K¯
into the algebraic closure K¯v of the completion Kv of K at v. This gives an embedding of the
absolute Galois group GKv := Gal(K¯v/Kv) into GK . If v is a finite place, then Ov denotes
the ring of integers of Kv, πv a fixed uniformizer for Kv, ordv(−) the v-adic valuation, and
kv := Ov/(πv) the residue field of Kv. Also, for any GKv -module M such that the inertia
subgroup of GKv acts trivially on M , H
1
ur(GKv ,M) denotes the subgroup of H
1(GKv ,M)
consisting of unramified cocyles, i.e., the image of H1(Gkv ,M) under the inflation map.
Let A be a principally polarized abelian variety over K (i.e., A is defined over K and we
have fixed a principal polarization of A over K). Let λ : A → A be a self-dual isogeny of
prime degree p, with kernel denoted by A[λ]. Let Σ denote a fixed finite set of places of K
containing all places of bad reduction for A, all places above p, and all archimedean places.
Finally, let H be a GK -stable subgroup of the automorphism group Aut(A) of A such that
every η ∈ H acts trivially on A[λ] and commutes with λ (i.e., η ◦ λ = λ ◦ η). For any field F
containing K, we let 1F denote the identity cocycle in H
1(GF ,H).
2.2. Global Metabolic Structures and Selmer Structures. We wish to construct a
global metabolic structure on the GK -module A[λ], as defined in [4]. To state the definition,
first let V be a finite dimensional vector space over Fp, equipped with a quadratic form
q : V → Fp. Let
(v,w)q := q(v + w)− q(v)− q(w)
be the bilinear form associated to q. A subspace X of V is called a Lagrangian subspace if
q|X = 0 and X⊥ = X with respect to (, )q. The quadratic space (V, q) is called a metabolic
space if V has a Lagrangian subspace and (, )q is nondegenerate.
Next, let ep : A[p]×A[p]→ µp be the nondegenerate alternating Weil pairing of A, where
A[p] denotes the kernel of the multiplication-by-p map. Since λ has degree p, A[λ] ⊂ A[p], so
we get a map ep : A[λ] × A[λ] → µp by restriction. Then composing this map with the cup
product gives the local Tate pairing
〈 , 〉v : H1(GKv , A[λ])×H1(GKv , A[λ])→ H2(GKv , µp) →֒ Fp
for each place v of K. Note that the local Tate pairing is antisymmetric, and by local Tate
duality, it is nondegenerate.
A global metabolic structure on A[λ] consists of a quadratic form qv on H
1(GKv , A[λ]) for
every place v of K, such that:
(1) the quadratic space (H1(GKv , A[λ]), qv) is a metabolic space for every v;
(2) for every v /∈ Σ, H1ur(GKv , A[λ]) is an isotropic subspace with respect to qv;
(3) for any c ∈ H1(GK , A[λ]),
∑
v qv(locv(c)) = 0;
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(4) the bilinear form induced by qv is the local Tate pairing 〈, 〉v for every v.
In many cases, we can construct a canonical global metabolic structure on A[λ]. Specifi-
cally, assume that we are in the situation of [11, §4], i.e.,
(A1)

(1) p is odd; or
(2) p = 2 and λ is of the form φL for some symmetric line
sheaf L, where φL is as defined in [10, p. 60 and Corollary
5 on p. 131].

When p is odd, there is a unique global metabolic structure on A[λ], defined by
qv(x) :=
1
2
〈x, x〉v ;
see [4, Lemma 3.4]. When instead p = 2, there is a canonical quadratic form qv : H
1(GKv , A[λ])→
F2 arising from the Heisenberg group for each place v, as described in [11, §4]. These quadratic
forms again give a global metabolic structure; see [11, Propositions 4.7, 4.9, and 4.11].
A Selmer structure S for A[λ] consists of an Fp-subspace H
1
S
(GKv , A[λ]) of H
1(GKv , A[λ])
for every place v of K, such that H1
S
(GKv , A[λ]) = H
1
ur(GKv , A[λ]) for all but finitely many
v. We say that S is Lagrangian if for every v, H1
S
(GKv , A[λ]) is a Lagrangian subspace of
H1(GKv , A[λ]) with respect to the canonical global metabolic structure defined above. The
Selmer group associated to S is defined by
H1S (GK , A[λ]) := ker
(
H1(GK , A[λ])→
⊕
v
(
H1(GKv , A[λ])/H
1
S (GKv , A[λ])
))
,
where the sum runs over all places v of K. Note that the Selmer group is finite, since it
consists of cocycles which are unramified outside of a fixed finite set of places.
The main result we need concerning global metabolic structures and Selmer structures is
the following.
Theorem 2.1 ([4, Theorem 3.9]). Assume λ satisfies condition (A1). Suppose S and S′ are
Lagrangian Selmer structures for A[λ]. Then:
dimFp(H
1
S
(GK , A[λ])) − dimFp(H1S′(GK , A[λ]))
≡
∑
v
dimFp
(
H1S (GKv , A[λ])/
(
H1S(GKv , A[λ]) ∩H1S′(GKv , A[λ])
))
(mod 2),
where the sum is taken over all places v of K.
2.3. Twisting. It is well-known that the twists of A over K (i.e., abelian varieties defined
overK which are isomorphic to A as abelian varieties over K¯) are classified byH1(GK ,Aut(A)),
so H1(GK ,H) classifies a certain subset of those twists. (If the natural map H
1(GK ,H) →
H1(GK ,Aut(A)) is not injective, this classification will have some redundancy.) We will
denote the twist of A over K corresponding to a cocycle χ ∈ H1(GK ,H) by Aχ.
By definition, for each χ there is an isomorphism ψ : Aχ → A defined over K¯ such that
χ(σ) = (σ.ψ)◦ψ−1 for all σ ∈ GK . Now we get an isogeny ψ−1 ◦λ◦ψ : Aχ → Aχ defined over
K¯; we will also denote this isogeny by λ. This isogeny is in fact defined over K: if σ ∈ GK ,
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then
σ.(ψ−1 ◦ λ ◦ ψ) = (σ.ψ)−1 ◦ (σ.λ) ◦ (σ.ψ)
= (χ(σ) ◦ ψ)−1 ◦ λ ◦ (χ(σ) ◦ ψ)
= ψ−1 ◦ (χ(σ)−1 ◦ λ ◦ χ(σ)) ◦ ψ
= ψ−1 ◦ λ ◦ ψ
by the assumption that every η ∈ H commutes with λ. Note that if λ : A → A satisfies
condition (A1), then so does λ : Aχ → Aχ for each χ, so we also get a canonical global
metabolic structure on Aχ[λ].
Also note that χ(σ)|A[λ] is the identity by assumption, so ((σ.ψ) ◦ ψ−1)|A[λ] = 1, i.e.,
ψ|Aχ[λ] = (σ.ψ)|Aχ[λ]. Hence ψ|Aχ[λ] is defined over K, so that ψ|Aχ[λ] : Aχ[λ] → A[λ] is an
isomorphism of GK -modules.
2.4. The Parity Twist Formula. To each isogeny λ : Aχ → Aχ, we can associate a
Selmer group Selλ(A/K) in the usual way. It is well-known that the Selmer group is a finite-
dimensional Fp-vector space, since it consists of cocycles that are unramified outside of a
fixed finite set of places. We call its dimension
dλ(Aχ) := dimFp(Sel
λ(Aχ))
the λ-Selmer rank of A. Our goal in this subsection is to write the parity of dλ(Aχ)− dλ(A)
as a sum of local invariants depending on χ.
As mentioned above, we have an isomorphism of GK -modules ψ|Aχ[λ] : Aχ[λ] ∼−→ A[λ].
This isomorphism induces a natural isomorphism
H1(GKv , Aχ[λ])
∼−→ H1(GKv , A[λ])
for each place v of K, which identifies the local Tate pairings (because A[λ] ∼= Aχ[λ] iden-
tifies the Weil pairings). When p > 2, this implies that it also identifies the unique global
metabolic structures. However, when p = 2, it appears that there is no a priori reason for
this isomorphism to identify the canonical global metabolic structures, so we must assume it:
(A2)

If p = 2, then the natural isomorphism
H1(GKv , Aχ[λ])
∼−→ H1(GKv , A[λ])
identifies the canonical quadratic forms constructed in [11, §4],
for all places v and cocycles χ ∈ H1(GK ,H).

We can now associate a Selmer structure Sχ to any cocycle χ ∈ H1(GK ,H): for each
place v, let H1
Sχ
(GKv , A[λ]) ⊂ H1(GKv , A[λ]) be the image under the Kummer map of
Aχ(Kv)/λAχ(Kv), where we have used the natural isomorphism to identify H
1(GKv , Aχ[λ])
with H1(GKv , A[λ]). It is well-known that this construction does indeed define a Selmer
structure. This Selmer structure is Lagrangian when χ = 1K by [11, Propositions 4.9 and
4.11], and it is Lagrangian for general χ because the natural isomorphism identifies the local
Tate pairings and canonical global metabolic structures.
For any place v of K and any cocycle χ ∈ H1(GK ,H), define the local invariant δv(A,χ)
by
δv(A,χ) := dimFp
(
H1
S1K
(GKv , A[λ])/(H
1
S1K
(GKv , A[λ]) ∩H1Sχ(GKv , A[λ]))
)
.
Then applying Theorem 2.1 to our situation gives the following theorem, which I call the
parity twist formula:
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Theorem 2.2. Assume λ satisfies conditions (A1) and (A2). Then for any cocycle χ ∈
H1(GK ,H), we have
dλ(A)− dλ(Aχ) ≡
∑
v
δv(A,χ) (mod 2),
where the sum is taken over all places v of K.
2.5. Local Conditions. Fix a cocycle χ ∈ H1(GK ,H) and a place v of K. We wish to
determine δv(A,χ) in certain cases. The results in this subsection are adapted from [16,
Lemmas 2.9-11 and 2.15-16].
Let Fw be a finite extension of Kv such that the restriction of χ to Fw is trivial, hence
A ∼= Aχ over Fw.
Lemma 2.3. Assume A has good reduction at v and Fw/Kv is unramified. Then δv(A,χ) =
0.
Proof. Let N : A(Fw) → A(Kv) denote the norm map. By the same argument as in [16,
Lemma 2.9], H1
S1K
(GKv , A[λ])∩H1Sχ(GKv , A[λ]) contains the image of (N(A(Fw)) + λ(A(Kv))) /λ(A(Kv))
under the Kummer map, as follows. Consider the commutative diagram
(1)
H1(GFw , A[λ])
H1(GKv , A[λ])
H1(GFw , A[λ])
H1(GKv , A[λ])
H2(GFw , µp) →֒ Fp
H2(GKv , µp) →֒ Fp
.
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.
.
.
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.
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.
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.
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.
.
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.
.
.
.
.
.
.
.
.
.
.
Cor = id
...................
.
.
.
.
∪
...................
.
.
.
.
∪
×
×
By [11, Proposition 4.11], H1
S1F
(GFw , A[λ]) is its own orthogonal complement inH
1(GFw , A[λ]),
so
H1
S1F
(GFw , A[λ]) = H
1
S1F
(GFw , A[λ])
⊥
⊂ Res(H1S1K (GKv , A[λ]))
⊥
= Cor−1(H1
S1K
(GKv , A[λ])).
Similarly,
H1
Sχ
(GFw , A[λ]) ⊂ Cor−1(H1Sχ(GKv , A[λ])).
But Cor−1(H1
S1K
(GFw , A[λ])) = Cor
−1(H1
Sχ
(GFw , A[λ])) since A
∼= Aχ over Fw. Then letting
i denote the Kummer map,
i((N(A(Fw)) + λ(A(Kv)))/λ(A(Kv))) = Cor(H
1
Sχ
(GFw , A[λ]))
⊂ H1
S1K
(GKv , A[λ]) ∩H1Sχ(GKv , A[λ])
since the restriction of Cor : H1(GFw , A[λ])→ H1(GKv , A[λ]) to i(A(Fw)/λ(A(Fw))) induces
the norm map.
Now by assumption, Fw/Kv is unramified, so by [8, Corollary 4.4], N(A(Fw)) = A(Kv).
Hence
H1S1K
(GKv , A[λ]) = i(A(Kv)/λ(A(Kv))) ⊂ H1S1K (GKv , A[λ]) ∩H
1
Sχ
(GKv , A[λ]),
so that δv(A,χ) = 0 by definition. 
Lemma 2.4. Assume v ∤ p∞. Then
Aχ(Kv)/λ(Aχ(Kv)) ∼= Aχ(Kv)[p∞]/λ(Aχ(Kv)[p∞]).
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Proof. Easily λ is surjective on the pro-(prime to p) part of Aχ(Kv), so only the pro-p part
Aχ(Kv)[p
∞] contributes to Aχ(Kv)/λ(Aχ(Kv)). 
Lemma 2.5. Assume v ∤ p∞. Then:
(i) dimFp
(
H1
Sχ
(GKv , A[λ])
)
= dimFp (Aχ(Kv)/λ(Aχ(Kv))) = dimFp(Aχ(Kv)[λ]).
(ii) If A has good reduction at v and Fw/Kv is totally ramified, then Aχ(Kv)/λ(Aχ(Kv)) ∼=
Aχ(Fw)/λ(Aχ(Fw)).
Proof. Since A(Kv)[λ] ⊂ A(Kv)[p∞], we have an exact sequence
0→ A(Kv)[λ]→ A(Kv)[p∞] λ−→ A(Kv)[p∞]→ A(Kv)[p∞]/λ(A(Kv)[p∞])→ 0.
Because A(Kv)[p
∞] is finite, (i) then follows from Lemma 2.4.
To prove (ii), note that by our assumptions, Kv(A[p
∞])/Kv is an unramified extension.
Since Fw/Kv is a totally ramified extension, Kv(A(Fw)[p
∞]) = Kv. Then A(Fw)[p∞] =
A(Kv)[p
∞], so
Aχ(Fw)[p
∞]/λ(Aχ(Fw)[p∞]) = Aχ(Kv)[p∞]/λ(Aχ(Kv)[p∞])
and the conclusion follows by Lemma 2.4. 
Lemma 2.6. Assume H ∼= µpn as a GK-module for some n and ker(1−η) = ker(λ) for some
generator η of H. Also assume v ∤ p∞, A has good reduction at v, and Fw/Kv is a totally
ramified degree pn extension. Then
H1
S1K
(GKv , A[λ]) ∩H1Sχ(GKv , A[λ]) = 0,
hence δv(A,χ) ≡ dimFp(A(Kv)[λ]) (mod 2).
Proof. The last statement follows from the definition of δv(A,χ) and Lemma 2.5(i).
To prove the intersection, first note that the norm mapN : A(Fw)/λ(A(Fw))→ A(Kv)/λ(A(Kv))
is 0. Indeed, let a ∈ A(Fw). By Lemma 2.5(ii), we can write a = λ(b)+ c with b ∈ A(Fw) and
c ∈ A(Kv). Then N(a) = λ(N(b)) + [Fw : Kv]c ∈ λ(A(Kv)) because p | [Fw : Kv]. Because
Cor : H1(GFw , A[λ]) → H1(GKv , A[λ]) induces the norm map when restricted to the image
of the Kummer map, this implies that Cor(H1
S1F
(GFw , A[λ])) = 0.
Now taking orthogonal complements,
H1
S1K
(GKv , A[λ]) ∩H1Sχ(GKv , A[λ]) = 0
is equivalent to
H1
S1K
(GKv , A[λ]) +H
1
Sχ
(GKv , A[λ]) = H
1(GKv , A[λ]).
Thus it suffices to show
H1(GKv , A[λ]) ⊂ H1S1K (GKv , A[λ]) +H
1
Sχ
(GKv , A[λ]).
So, let x ∈ H1(GKv , A[λ]). By (1) and properties of the cup product, along with the
previous paragraph, we have
Res−1(H1
S1F
(GFw , A[λ])) =
(
Cor(H1
S1F
(GFw , A[λ]))
)⊥
= 0⊥ = H1(GKv , A[λ]).
Thus Res(x) ∈ H1
S1F
(GFw , A[λ]) = Res
(
H1
S1K
(GKv , A[λ])
)
, so there is a y ∈ H1
S1K
(GKv , A[λ])
such that x− y ∈ ker(Res). Then to prove the claim, it suffices to show
ker(Res) ⊂ H1S1K (GKv , A[λ]) +H
1
Sχ
(GKv , A[λ]).
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Let ψ : Aχ
∼−→ A be an isomorphism such that σ.ψ = χ(σ) ◦ ψ for σ ∈ GK , neces-
sarily defined over Fw. Let i and iχ denote the Kummer maps for A(Kv)/λ(A(Kv)) and
Aχ(Kv)/λ(Aχ(Kv)), respectively, with images in H
1(GKv , A[λ]). Define a map
φ : A(Kv)[λ]→ ker(Res)
φ(P ) := i(P )− iχ(ψ−1(P )).
Note that φ does indeed have image contained in ker(Res), since if P ∈ A(Kv)[λ], then
Res(i(P )) = Res(iχ(ψ
−1(P ))) by the commutative diagram
A(Kv)/λ(A(Kv)) H1(GKv , A[λ]) Aχ(Kv)/λ(Aχ(Kv))
A(Fw)/λ(A(Fw)) H1(GFw , A[λ]) Aχ(Fw)/λ(Aχ(Fw))
.
.
.
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.
.
.
.
.
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.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
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.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
..................................................................................
.
.
.
.
.
.
.
.
.
. i
...................................................................................
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.
.
.
.
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...........................................................................
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.
.
.
.
.
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.
iχ
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.
.
.
ψ
∼
Since
Im(φ) ⊂ H1S1K (GKv , A[λ]) +H
1
Sχ
(GKv , A[λ]),
to prove the claim, it suffices to prove that φ is surjective onto ker(Res). But the restriction
of Res to H1
S1K
(GKv , A[λ]) is injective by Lemma 2.5(ii), so
dimFp(ker(Res)) = dimFp(H
1(GKv , A[λ])) − dimFp(Im(Res))
≤ dimFp(H1(GKv , A[λ])) − dimFp(H1S1K (GKv , A[λ]))
= dimFp(H
1
S1K
(GKv , A[λ]))
= dimFp(A(Kv)[λ]).
Thus surjectivity will follow if we prove that φ is injective.
To see injectivity, let φ′ be the composition of φ with the restriction map
H1(GKv , A[λ])→ H1(GKv(ζpn ), A[λ]),
where ζpn is a primitive p
n-th root of unity. It suffices to prove that φ′ is injective. Easily
Im(φ′) ⊂ ker
(
Res : H1(GKv(ζpn ), A[λ])→ H1(GFw(ζpn ), A[λ])
)
.
Then by inflation-restriction, we can treat φ′ as a map
φ′ : A(Kv)[λ]→ H1(Gal(Fw(ζpn)/Kv(ζpn)), A(Fw(ζpn))[λ]).
By Lemma 2.5(ii) and the fact that Fw(ζpn)/Kv(ζpn) is totally ramified, A(Fw(ζpn))[λ] =
A(Kv(ζpn))[λ]. Thus
H1(Gal(Fw(ζpn)/Kv(ζpn)), A(Fw(ζpn))[λ]) = Hom(Gal(Fw(ζpn)/Kv(ζpn)), A(Kv(ζpn))[λ]).
For τ ∈ Gal(Fw(ζpn)/Kv(ζpn)) and P ∈ A(Kv)[λ], we can compute φ′(P ) as follows.
Choose a preimage Q ∈ A(K¯v) of P under λ and a preimage σ ∈ GKv(ζpn ) of τ under the
natural projection. Then by the definitions of the Kummer map and of the twist by χ,
φ′(P )(τ) = (σ.Q−Q)− ψ (σ.(ψ−1(Q))− ψ−1(Q))
= σ.Q− ψ(σ.(ψ−1(Q)))
= σ.Q− χ(σ)(Q).
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Next, note that χ(τ) is well-defined by assumption. Also, Kv(ζpn , Q)/Kv(ζpn) is unramified
because Q ∈ A[p], v ∤ p, and A has good reduction at v, so Kv(ζpn , Q) ∩ Fw(ζpn) = Kv(ζpn).
Thus we can choose σ lifting τ such that σ.Q = Q. (In fact, since φ′(P ) is a well-defined
homomorphism, this shows that Q is defined over Kv(ζpn).) Then we can write
φ′(P )(τ) = Q− χ(τ)(Q).
Now choose τ such that ker(1−χ(τ)) = ker(λ), which we can do because Im(χ) ∼= Gal(Fw(ζpn)/Kv(ζpn))
has order pn by assumption, hence is all of H. Then for all P 6= 0, φ′(P )(τ) 6= 0 because
λ(Q) = P 6= 0, so φ′(P ) is a nontrivial homomorphism. 
2.6. The Case H ∼= µpn. Fix n ∈ N, and suppose H ∼= µpn as GK -modules. Then we have
the Kummer isomorphism H1(GK ,H) ∼= H1(GK , µpn) ∼= K∗/(K∗)pn . Using this identifica-
tion, for any d ∈ K∗ (implicitly taken modulo pn-th powers), we can define the twist Ad of
A by d over K, as well as the local invariant δv(A, d).
Now combining Theorem 2.2 and Lemmas 2.3 and 2.6, we get our main result for this
section.
Theorem 2.7. Assume λ satisfies conditions (A1) and (A2), assume H ∼= µpn as GK-
modules, and assume ker(1− η) = ker(λ) for some generator η of H. Let d ∈ K∗. Then
dλ(Ad/K)− dλ(A/K)
≡
∑
v∈Σ
δv(A, d) +
∑
v/∈Σ:
p∤ordv(d)
dimFp(A(Kv)[λ]) +
∑
v/∈Σ:
p|ordv(d),
pn∤ordv(d)
δv(A, d) (mod 2).
3. Quartic Twists of Elliptic Curves with j-Invariant 1728
Fix a number field K. Let E/K be the elliptic curve with affine equation y2 = x3+x, and
let E′/K be the elliptic curve y2 = x3− 4x. We wish to classify the conjectural rank parities
of quartic twists of E/K, which have the form Ed/K : y
2 = x3+ dx for d ∈ K∗/(K∗)4. Note
that these are all of the elliptic curves over K with j-invariant 1728.
We have dual degree 2 isogenies ([12, Example III.4.5])
ϕ : Ed → E′d ϕˆ : E′d → Ed
(x, y) 7→
(
y2
x2
,
y(d− x2)
x2
)
(x′, y′) 7→
(
y′2
4x′2
,
y′(−4d− x′2)
8x′2
)
.
From these, we can construct a self-dual degree 2 isogeny
λ : Ed × E′d → Ed × E′d
(P,Q) 7→ (ϕˆ(Q), ϕ(P )).
Set A := E × E′, from which Ad = Ed × E′d. Note that the kernel of λ : Ad → Ad is
Ad[λ] = Ed[ϕ] ×E′d[ϕˆ] = {O, (0, 0)} × {O′, (0, 0)},
and it is defined over K. By the following result, for our problem, it suffices to study how
the λ-Selmer rank of A varies with d.
Lemma 3.1. Assuming the Shafarevich-Tate conjecture, for any d ∈ K∗,
dλ(Ad/K)) ≡ rk(Ed/K) (mod 2).
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Proof. We have the well-known exact sequence
0→ E
′
d(K)[ϕˆ]
ϕ(Ed(K)[2])
→ Sel(ϕ)(E′d/K)→ Sel(2)(Ed/K)
→ Sel(ϕˆ)(Ed/K)→ X(E
′
d/K)[ϕˆ]
ϕ(X(Ed/K)[2])
→ 0.
Under our assumption, properties of the Cassels pairing imply that the last term has even di-
mension [1, Corollary to Theorem 1.2]. Then using the fact that Sel(λ)(Ad/K) ∼= Sel(ϕ)(Ed/K)×
Sel(ϕˆ)(E′d/K), we have
dλ(Ad/K) ≡ d2(Ad/K) + dimF2
(
E′d(K)[ϕˆ]
ϕ(Ed(K)[2])
)
≡ d2(Ad/K) + dimF2(Ed(K)[2])
+ dimF2(E
′
d(K)[ϕˆ]) + dimF2(Ed(K)[ϕ])
≡ rk(Ed/K) + dimF2(E′d(K)[ϕˆ]) + dimF2(Ed(K)[ϕ])
≡ rk(Ed/K) (mod 2)
using the explicit description of Ed[ϕ] and E
′
d[ϕˆ] given above. 
Remark 3.2. Suppose µ4 ⊂ K. Then E ∼= E′ over K, and the isomorphism identifies ϕ
with ϕˆ. Hence
dλ(A/K) = 2dϕ(E/K) ≡ 0 (mod 2),
so that conjecturally rk(E/K) ≡ 0 (mod 2) for all values of b by Lemma 3.1. Thus we are
primarily interested in the case µ4 6⊂ K.
To solve our problem for general K, we wish to apply Theorem 2.7 to A/K and λ, with
p = 2. Note that the finite places of bad reduction for A are at most those dividing 2. For
our subgroup H of Aut(A), we choose the diagonal embedding of µ4 into Aut(E)×Aut(E′)
(recall Aut(E) ∼= Aut(E′) ∼= µ4 by [12, Corollary III.10.2]). Thus ζ ∈ µ4 acts on A as
[ζ]((x, y), (x′, y′)) = ((ζ2x, ζ3y), (ζ2x′, ζ3y′)).
By our description of A[λ] given above, H acts trivially on A[λ], and ker(1 − [ζ]) = ker(λ)
for any generator ζ of H. Also, H commutes with λ.
Now A is self-dual since E and E′ are. Since p = 2, we must additionally verify conditions
(A1) and (A2). We can identify Pic0(A) with the group of Weil divisors of A modulo principal
divisors. The natural isomorphism A
∼−→ Pic0(A) is then given by
(P,Q) 7→ [P × E′]− [O × E′] + [E ×Q]− [E ×O′],
where O and O′ denote the identity elements of E and E′, respectively.
Let Γ(−ϕ) = {(R,−ϕ(R)) | R ∈ E} be the graph of −ϕ in E × E′. Then [Γ(−ϕ)] is a
divisor on A. Using the seesaw principle ([7, p. 241]) and the above isomorphism A ∼= Pic0(A),
one can see that
φ[Γ(−ϕ)](P,Q) = (2P + ϕˆ(Q), Q+ ϕ(P )),
since the corresponding divisors are equivalent when restricted to U × E′ or E × V for any
U ∈ E or V ∈ E′. Also, φ[O×E′](P,Q) = φ[(0,0)×E′](P,Q) = (P,O′) and φ[E×O′](P,Q) =
(O,Q). Thus letting
D := [Γ(−ϕ)]− [O × E′]− [(0, 0) × E′]− [E ×O′],
we have φE = λ. Obviously D is symmetric, so this proves condition (A1).
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We now verify condition (A2). Let K¯[A] and K¯(A) denote the ring of regular functions on
A and the field of rational functions on A, respectively. For g ∈ K¯(A), let div(g) ∈ Pic0(A)
denote the Weil divisor corresponding to g. For X ∈ A, let TX denote the translation-by-X
map. Then in terms of Weil divisors, we can write the Heisenberg group HA(D) used in the
constuction of the canonical global metabolic structure (see [11, §4]) as
HA(D) = {(X, g) | X ∈ A[λ], g ∈ K¯(A), and div(g) = T ∗X(D)−D},
with group operation given by (X, g)(X ′ , g′) = (X +X ′, T ∗X′(g)g
′).
Lemma 3.3. Let ζ4 be a primitive 4th root of unity, which acts on A as above. Let (X, g) ∈
H(D), so that div(g) = T ∗X(D)−D. Then g ◦ [ζ4] = g.
Proof. We adapt the proof of [16, Lemma 5.9]. When X = (O,O′) or ((0, 0), O′), we have
T ∗X(D)−D = 0, so g ∈ K¯[A] = K¯[E]⊗K¯ K¯[E′] = K¯. Then g is constant and the conclusion
is trivial.
When X is (O, (0, 0)) or ((0, 0), (0, 0)), first note that
div(g ◦ [ζ4]) = [ζ4]∗(div(g)) = [ζ4]∗(T ∗X(D)−D) = T ∗X(D)−D = div(g),
where ζ4 acts trivially on X because it is in A[λ], and where [ζ4]
∗D = D because −ϕ◦(ζ4|E) =
(ζ4|E′) ◦ −ϕ. Hence g ◦ [ζ4] = cg for some c ∈ K¯[A]∗ = K¯∗. Necessarily c ∈ µ4.
To show c = 1, we claim that it suffices to find a nonsingular curve C on A such that:
• [ζ4]C = C.
• The divisor [C] has order 0 in div(g).
• Letting divC(g|C) denote the divisor of g|C on C, there is some Y ∈ C ∩ A[λ] such
that the order of Y in divC(g|C ) is an integer multiple of 4.
We prove this claim as follows. Write ÔC for the completion of the local ring OC of A
at C (over K¯). Then ÔC ∼= K¯(C)[[t]], where K¯(C) is the fraction field of C/K¯ and t is a
uniformizer for C. We have an automorphism [ζ4]
∗ ∈ Aut(K¯(C)[[t]]) induced by [ζ4], due
to the assumption that [ζ4]C = C. Since this automorphism has order 4, it sends t to
ζt+ (higher degree terms) for some ζ ∈ µ4. Because ordC(g) = 0 by assumption, we have
g = f0 + (higher order terms)
as a power series in K¯(C)[[t]]. Then
[ζ4]
∗g = [ζ4]∗f0 + (higher order terms)
where the action of [ζ4]
∗ on f0 is induced by the action of [ζ4] on C. Note that f0 = g|C since
the higher order terms vanish on C.
We now repeat this process for f0: let Ô
C
X
∼= K¯[[u]] be the completion of the local ring of
C at X, for some uniformizer u at X, and write
f0 = du
n + (higher order terms)
for some d ∈ K¯, with n = ordX(f0) = ordX(g|C). By assumption, 4|n. The automorphism
[ζ4]
∗ of K¯[[u]] sends u to ζ ′u+ (higher degree terms) for some ζ ′ ∈ µ4, so
[ζ4]
∗f0 = dun + (higher order terms).
But this shows that [ζ4]
∗f0 and f0 have the same leading term in K¯[[u]], hence the same is
true of g as an element of K¯(C)[[t]]. Thus c = 1 and g ◦ [ζ4] = g, as claimed.
It is now easy to verify that the hypotheses of the claim hold when we take C = [O×E′].
Indeed, for either X, we have
T ∗X(D)−D = [Γ(−ϕ+ (0, 0))] − [E × (0, 0)] − [Γ(−ϕ)] + [E ×O′].
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Then C appears with order zero. For any g with div(g) = T ∗X(D) − D, we can compute
divC(g|C ) by intersecting each irreducible divisor with C, yielding
(T ∗X(D)−D)|C = [(O, (0, 0))] − [(O, (0, 0))] − [(O,O′)] + [(O,O′)] = 0.
Hence Y = (O,O′) ∈ C appears with coefficient a multiple of 4. 
Lemma 3.4. Let v be a place of K, and let d ∈ K∗v/(K∗v )4. Then the natural isomorphism
H1(GKv , Ad[λ])
∼−→ H1(GKv , A[λ])
identifies the canonical quadratic forms constructed in [11, §4]. Hence λ satisfies condition
(A2).
Proof. This follows by the same argument as for [4, Lemma 5.2(ii)]. Indeed, we have a
commutative diagram
0 K¯×v HA(D) A[λ] 0.......................................
.
....................................
.
.
.
.
..................................
.
.
.
.
..................................
.
.
.
.
0 K¯×v HAd(Dd) Ad[λ] 0.......................................
.
..............................
.
.
.
.
.........................
.
.
.
.
...............................
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
∼
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
∼
By the fact that H fixes A[λ] and the previous lemma, these isomorphisms are all fixed by
GKv . Hence they give an isomorphism of the corresponding long exact sequence from Galois
cohomology. But the canonical quadratic forms are defined to be the connecting morphisms
H1(GKv , A[λ]) → H2(GKv , K¯×v ) and H1(GKv , Ad[λ]) → H2(GKv , K¯×v ) in these long exact
sequences, so they are identified by the natural isomorphism. 
Now Theorem 2.7 says that we will be done once we compute the local invariants δv(A, d)
when v /∈ Σ and ordv(d) ≡ 2 (mod 4). This is accomplished in the following lemma.
Lemma 3.5. Assume v ∤ 2∞, A has good reduction at v, and ordv(d) ≡ 2 (mod 4). Then
δv(A, d) ≡ 0 (mod 2) iff
(−1
v
)
= 1.
Proof. Let c ∈ O∗v be such that cπ2v ≡ d (mod (K∗v )4). Using [4, Corollary 2.5] and noting
that we can define δv(Ac, π
2
v) in a natural way, we have
δv(A, cπ
2
v) ≡ δv(A, c) + δv(Ac, π2v) (mod 2).
By Lemma 2.3, δv(A, c) = 0, so δv(A, d) ≡ δv(Ac, π2v) (mod 2).
For any a ∈ K∗v , let H1Sa(GKv , Ac[2]) ⊂ H1(GKv , Ac[2]) denote the v-part of the Selmer
structure corresponding to the multiplication-by-2 isogeny on the quadratic twist of Ac by a.
Then we claim that
(2) δv(Ac, π
2
v) ≡ dimF2(H1S1(GKv , Ac[2])) (mod 2).
To see this, consider the map
ι′ : H1
S1
(GKv , Ac[2])→
H1
S1
(GKv , Ac[λ])
H1
S1
(GKv , Ac[λ]) ∩H1S
pi2v
(GKv , Ac[λ])
induced by the identity map
ι : Ac(Kv)/2Ac(Kv)→ Ac(Kv)/λ(Ac(Kv)).
This map is surjective and has kernel
ker(ι′) =
(
H1S1(GKv , Ac[2]) ∩H1Spiv (GKv , Ac[2])
)
+ ic(ker(ι)),
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where ic is the Kummer map. But
H1
S1
(GKv , Ac[2]) ∩H1Spiv (GKv , Ac[2]) = ∅
by Lemma 2.6 applied to the quadratic twist of Ac by πv. Hence
δv(Ac, π
2
v) = dimF2(H
1
S1
(GKv , Ac[2]))− dimF2(ker(ι)).
Finally,
ker(ι) =
λ(Ac(Kv))
2Ac(Kv)
∼= Ac(Kv)
λ(Ac(Kv))
has dimension dimF2(Ac(Kv)[λ]) = 2 by Lemma 2.5(i). This proves (2).
To finish the proof, note that
dimF2(H
1
S1K
(GKv , Ac[2])) = dimF2(Ac[2]) = dimF2(Ec[2]) + dimF2(E
′
c[2])
by Lemma 2.5(i) applied to the multiplication-by-2 isogeny. Then easily
dimF2(Ec[2]) + dimF2(E
′
c[2]) ≡ 0 (mod 2)
⇐⇒
(−c
v
)(
4c
v
)
= 1
⇐⇒
(−1
v
)
= 1.

Finally, we get our main result for this section.
Theorem 3.6. Let d ∈ K∗. Then
dλ(Ad/K)− dλ(A/K) ≡
∑
v|2∞
δv(A, d) +
1 +
(
−1
S(d)
)
2
(mod 2),
where S(d) ⊂ OK is defined to be the product of all places v ∤ 2∞ of K such that ordv(d) ≡ 2
(mod 4). Assuming the Shafarevich-Tate conjecture, the same holds for rk(Ed/K)−rk(E/K)
(mod 2).
Remark 3.7. Note that each of the local invariants δv(A, d) depends only on the value of
d (mod (K∗v )4): indeed, if c ≡ d (mod (K∗v )4), then Ac ∼= Ad over Kv. Hence the above
theorem and the statements below allow us to classify dλ(Ad/K) (mod 2) for all d ∈ K∗
after performing a finite amount of computation, namely, that required to compute δv(A, d)
for all v|2∞, d ∈ K∗v/(K∗v )4.
Obviously if v is real, then c ≡ d (mod (K∗v )4) iff c and d have the same sign at v. For
places v|2, the following fact is useful.
Proposition 3.8. Let v|2 be a place of K, and let c, d ∈ K∗v . Define the integer mv by
mv := 3ev/2 + 1, where ev/2 is the ramification index of v over 2. Suppose that
• ordv(c) ≡ ordv(d) (mod 4)
• c/(πordv(c)v ) and d/(πordv(d)v ) have the same residues in (Ov/vmv )∗/((Ov/vmv )∗)4.
Then c ≡ d (mod (K∗v )4).
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Proof. WLOG c and d are units in Ov which have the same residues in (Ov/v
mv )∗/((Ov/vmv )∗)4.
Then c ≡ d (mod (K∗v )4) follows from a straightforward modification of [3, Lemma 4.1 and
Corollary 4.3], as follows.
First, we show that if 0 6= α ∈ Ov is such that α ≡ 1 (mod vmv ), then α ∈ (K∗v )4. Write
α = 1 + βπnv with β ∈ Ov and n ≥ mv. Consider the binomial expansion
α1/4 = (1 + βπnv )
1/4 =
∞∑
i=0
(
1/4
i
)
βiπinv .
This series converges in Kv so long as the valuations of the terms appearing in the right-hand
series tend to infinity. By Legendre’s formula, we have
ordv
(
1/4
i
)
= ordv
(
1(1 − 4)(1− 8) · · · (1− 4(i − 1))
4ii!
)
≥ −
(
2i+
i− 1
2− 1
)
ordv(2)
= −(3i− 1)ev/2.
Hence we want
lim
i→∞
(
in− (3i− 1)ev/2
)→∞,
which happens precisely because n ≥ mv = 3ev/2 + 1.
Next, the image of c/d in (Ov/v
mv )∗ is a 4th power, hence has some preimage b ∈ Ov which
is a 4th power in Ov. Then (c/d)/b ≡ 1 (mod vmv ), so it is a 4th power in Ov by the previous
paragraph, hence so is c/d. 
4. Sextic Twists of Elliptic Curves with j-Invariant 0
The sextic twist case begins analogously to the quartic twist case. Fix a number field K.
Let E/K be the elliptic curve with affine equation y2 = x3 + 1, and let E′/K be the elliptic
curve y2 = x3− 27. We wish to classify the conjectural rank parities of sextic twists of E/K,
which have the form Ed/K : y
2 = x3 + d for d ∈ K∗/(K∗)6. Note that these are all of the
elliptic curves over K with j-invariant 0.
We have dual degree 3 isogenies (found using SAGE [13, 15])
ϕ : Ed → E′d ϕˆ : E′d → Ed
(x, y) 7→
(
x3 + 4d
x2
,
y(x3 − 8d)
x3
)
(x′, y′) 7→
(
x′3 − 108d
9x′2
,
y′(x′3 + 216d)
27x′3
)
.
From these, we can construct a self-dual degree 3 isogeny
λ : Ed × E′d → Ed × E′d
(P,Q) 7→ (ϕˆ(Q), ϕ(P )).
Set A := E × E′, from which Ad = Ed × E′d. Note that the kernel of λ : Ad → Ad is
Ad[λ] = Ed[ϕ]× E′d[ϕˆ] = {O, (0,±
√
d)} × {O′, (0,±√−27d)}.
Thus dim(A(K)[λ]) ≡ 0 (mod 2) iff √−27d2 ∈ K, which is iff √−3 ∈ K.
By the following result, for our problem, it suffices to study how the λ-Selmer rank of A
varies with d.
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Lemma 4.1. Assuming the Shafarevich-Tate conjecture,
dλ(Ad/K) ≡ rk(Ed/K) (mod 2)
⇐⇒ µ3 ⊂ K.
Proof. By the same argument as in the quartic twist case, dλ(Ad/K) ≡ 0 (mod 2) iff
dim(A(K)[λ]) ≡ 0 (mod 2), which is iff √−3 ∈ K. Since ζ3 = 12 (−1 ±
√−3), this is iff
µ3 ⊂ K. 
Remark 4.2. Suppose µ3 ⊂ K. Then
√−3 ∈ K, so Ed ∼= E′d over K, and the isomorphism
identifies ϕ with ϕˆ. Hence
dλ(Ad/K) = 2dϕ(Ed/K) ≡ 0 (mod 2),
so that conjecturally rk(Ed/K) ≡ 0 (mod 2) for all values of d by Lemma 4.1. Thus we are
primarily interested in the case µ3 6⊂ K.
To solve our problem for general K, we wish to apply the results of Section 2 to A/K
and λ, with p = 3. However, this will not give us a full solution — indeed, the diagonal
embedding of µ6 into Aut(E) does not fix A[λ]; only the subgroup µ3 does, and there is no
nontrivial isogeny whose kernel is fixed by µ6. Hence our background results will only apply
to the cubic twists Ad2 of A/K, for d ∈ K∗/(K∗)3. Nonetheless, we will see in Theorem 4.4
that we can use cubic twists to understand sextic twists as well.
For our subgroup H of Aut(A), we choose the subgroup µ3 of the diagonal embedding of
µ6 into Aut(E)×Aut(E′). Thus ζ ∈ µ3 acts on A as
[ζ]((x, y), (x′, y′)) = ((ζ2x, y), (ζ2x′, y′)).
By our description of A[λ] given above, H acts trivially on A[λ], and ker(1 − [ζ]) = ker(λ)
for any generator ζ of H. Also, H commutes with λ.
Now A is self-dual since E and E′ are. Also, p = 3 is odd, so we do not need any extra
geometric conditions on λ.
Hence Theorem 2.7 gives the following result for cubic twists of A. Note that the finite
places of bad reduction for A/K are at most those dividing 6.
Proposition 4.3. Let d ∈ K∗. Then
dλ(Ad2/K)− dλ(A/K) ≡
∑
v|6∞
δv(A, d) +
1 +
(
−3
T (d)
)
2
(mod 2),
where T (d) ⊂ OK is defined to be the product of all places v ∤ 6∞ of K such that 3 ∤ ordv(d).
Assuming the Shafarevich-Tate conjecture, the same holds for rk(Ed2/K)−rk(E/K) (mod 2).
To extend this result to all sextic twists, recall that if B is an abelian variety and Bd is
the quadratic twist of B by some nontrivial d ∈ K∗/(K∗)2, then rk(B/K) + rk(Bd/K) =
rk(B/K(
√
d)). Hence we can relate the rank of the sextic twist by d over K to that of the
sextic twist by d over K(
√
d), i.e., the cubic twist by
√
d over K(
√
d), whose rank parity we
in principle understand by the above proposition. Using this idea, we get the following result
for sextic twists.
Theorem 4.4. Assume the Shafarevich-Tate conjecture. Let d ∈ K∗. Then there exist
local invariants ǫv(d), defined for each place v|6∞ and depending only on the value of d
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(mod (K∗v )6), such that
rk(Ed/K)− rk(E/K) ≡
∑
v|6∞
ǫv(d) +
1 +
(
−3
U(d)
)
2
(mod 2),
where U(d) ⊂ OK is defined to be the product of all places v ∤ 6∞ of K such that ordv(d) ≡ 2, 4
(mod 6).
Proof. From
rk(Ed/K) + rk(Ed4) = rk(Ed/K(
√
d))
rk(E/K) + rk(Ed3) = rk(E/K(
√
d)),
we see that
(3)
rk(Ed/K)− rk(E/K) =
(
rk(Ed/K(
√
d))− rk(E/K(
√
d))
)
−
(
rk(Ed4/K)− rk(E/K)
)
+
(
rk(Ed3/K)− rk(E/K)
)
.
By Proposition 4.3 and Lemma 4.1,
(4) rk(Ed4/K)− rk(E/K) ≡
∑
v|6∞
δv(A, d
2) +
1 +
(
−3
T (d)
)
2
(mod 2),
where T (d) is as in Proposition 4.3. By the quadratic twist case [4, Proposition 7.2], there
exist local invariants ωv(d), depending only on the value of d (mod (K
∗
v )
2), such that
(5) rk(Ed3/K)− rk(E/K) ≡
∑
v|6∞
ωv(d) (mod 2).
It remains to consider rk(Ed/K(
√
d)) − rk(E/K(√d)). Let MK and MK(√d) denote the
sets of all places of K and K(
√
d), respectively. By Theorem 2.2 and Lemma 4.1, we have
rk(Ed/K(
√
d))− rk(E/K(
√
d)) ≡
∑
w∈M
K(
√
d)
δw(A/K(
√
d), d) (mod 2).
To evaluate this sum, first let v|6∞, and suppose c ≡ d (mod (K∗v )6). Then the localizations
of K(
√
c) and K(
√
d) at places lying above v are the same. Also, since c ≡ d (mod (K∗v )3),
we have c ≡ d (mod (K(√c)∗w)3) for any place w of K(
√
c) lying above v. Hence from the
definition of the local invariants, we see that
δw(A/K(
√
c), c) = δw′(A/K(
√
d), d)
where w is any place of K(
√
c) lying above v and w′ is the corresponding place of K(
√
d).
Thus
ηv(d) :=
∑
w∈MK(
√
d)
w|v
δw(A/K(
√
d), d)
is a local invariant depending only on the value of d (mod (K∗v )6).
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Next, by Lemmas 2.3 and 2.6, along with our explicit description of A[λ],∑
w∈M
K(
√
d)
w∤6∞
δw(A/K(
√
d), d) ≡ 0 (mod 2)
⇐⇒
∏
w∈M
K(
√
d)
w∤6∞
3∤ordw(
√
d)
(−3
w
)
= 1.
We can rewrite this product as
∏
v∈MK
v∤6∞
3∤ordv(d)
 ∏
w∈M
K(
√
d)
w|v
(−3
w
) .
To evaluate the interior products, break into cases depending on the factorization of v in
K(
√
d):
• Case v is split: then the two equal terms in the product cancel out.
• Case v is unramified non-split: if (−3v ) = 1, then (−3w ) = 1. Else −3 and d are both
quadratic non-residues modulo v, so adjoining a square root of d to the residue field
adjoins a square root of −3 as well. Hence (−3w ) = 1 in either case.
• Case v is ramified: then since the extension of residue fields is trivial, (−3w ) = (−3v ).
Then
∏
v∈MK
v∤6∞
3∤ordv(d)
 ∏
w∈M
K(
√
d)
w|v
(−3
w
) = ∏
v∈MK
v∤6∞
ordv(d)≡1,5 (mod 6)
(−3
v
)
.
Hence
(6)
rk(Ed/K(
√
d))− rk(E/K(
√
d)) ≡
∑
v|6∞
ηv(d) (mod 2)
⇐⇒
∏
v∈MK
v∤6∞
ordv(d)≡1,5 (mod 6)
(−3
v
)
= 1.
Finally, combining (4), (5), and (6) with (3) proves the claim, with
ǫv(d) := ηv(d)− δv(A, d2) + ωv(d).

As in the quartic twist case, we have the following useful fact.
Proposition 4.5. Let v|6 be a place of K, and let c, d ∈ K∗v . Define the integer mv by
mv :=
{
2ev/2 + 1 if v|2
⌈32ev/3⌉+ 1 if v|3,
where ev/p is the ramification index of v over p. Suppose that
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• ordv(c) ≡ ordv(d) (mod 6)
• c/(πordv(c)v ) and d/(πordv(d)v ) have the same residues in (Ov/vmv )∗/((Ov/vmv )∗)6.
Then c ≡ d (mod (K∗v )6).
Proof. WLOG c and d are units in Ov which have the same residues in (Ov/v
mv )∗/((Ov/vmv )∗)6.
When v|2 (respectively, v|3), the assumption that c and d have the same residues in (Ov/v)∗/((Ov/v)∗)3
(respectively, (Ov/v)
∗/((Ov/v)∗)2) implies that c ≡ d (mod (K∗v )3) (respectively, (K∗v )2) by
Hensel’s Lemma. The corresponding claim modulo (K∗v )2 (respectively, (K∗v )3) follows by [3,
Corollary 4.3], except that we have added a ceiling function in mv when v|3 because we do
not assume µ3 ⊂ K. 
5. Example: K = Q
The explicit conditions on c and d given in Propositions 3.8 and 4.5 allow us to easily classify
the conjectural rank parities of quartic and sextic twists using existing computational tools.
To illustrate this, SAGE [13, 15] was used to classify the conjectural rank parities of all twists
of y2 = x3 + x and y2 = x3 + 1 over Q.
For the quartic twists of y2 = x3 + x, we have m2 = 4. According to SAGE, we have the
representatives
(O2/2
m2)∗/((O2/2m2)∗)4 = {1, 3, 5, 7, 9, 11, 13, 15}.
Then using Simon’s two-descent algorithm, we get the local invariants shown in Figure 1.
Note that these results agree with [12, Proposition X.6.2].
For the sextic twists of y2 = x3 +1, we have m2 = 3 and m3 = 3. According to SAGE, we
have the representatives
(O2/2
m2)∗/((O2/2m2)∗)6 = {1, 3, 5, 7}
(O3/3
m3)∗/((O3/3m3)∗)6 = {1, 2, 4, 5, 8, 16}.
Then using Simon’s two-descent algorithm, we get the local invariants shown in Figure 2.
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δ2(A, d) Unit at 2 1 3 5 7 9 11 13 15
ord2
0 0 1 1 0 0 0 1 1
1 0 0 0 0 0 0 0 0
2 0 0 1 1 1 0 0 1
3 1 1 1 1 1 1 1 1
Sign +1 −1
δ∞(A, d) 0 1
Figure 1. Local invariants δv(A, d) for quartic twists of y
2 = x3 + x over
Q. Each cell in the δ2(A, d) table corresponds to one class in Proposition 3.8.
Due to the method used to compute these values, they are conditional on the
Shafarevich-Tate conjecture. Note rk(y2 = x3 + x/Q) = 0.
ǫ2(d) Unit at 2 1 3 5 7
ord2
0 0 1 0 1
1 1 1 1 1
2 0 1 0 1
3 1 1 1 1
4 1 1 1 1
5 1 1 1 1
ǫ3(d) Unit at 3 1 2 4 5 8 16
ord3
0 0 0 0 1 0 1
1 0 1 0 1 1 0
2 1 0 1 0 0 1
3 1 0 0 1 1 1
4 0 1 0 1 1 0
5 1 0 1 0 0 1
Sign +1 −1
ǫ∞(d) 0 1
Figure 2. Local invariants ǫv(d) for sextic twists of E : y
2 = x3 + 1 over Q.
Each cell in the ǫ2(d) or ǫ3(d) table corresponds to one class in Proposition
4.5. Due to the method used to compute these values, they are conditional on
the Shafarevich-Tate conjecture. Note rk(y2 = x3 + 1/Q) = 0.
